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LEFT BRACE WITH THE OPERATION ∗
ASSOCIATIVE IS A TWO-SIDED BRACE.
IVAN LAU
Abstract. In this short note, we show that if the operation ∗ of
a left brace A is associative, then A is a two-sided brace.
1. Introduction
The goal of this note is to answer the problem proposed in [CGS18,
Question 2.1(2)] by proving the following theorem. (See also [Ven18,
Problem 24]).
Theorem 1.1. Let (A,+, ◦) be a left brace. Suppose that the operation
∗, defined by a ∗ b = a ◦ b− a− b for all a, b ∈ A is associative. Then
A is a two-sided brace.
2. Background on Left Braces
In this section, we first recall the notions from Theorem 1.1. Then, we
will develop some algebraic manipulation identities for left braces.
A left brace is a triple (A,+, ◦), where (A,+) is an abelian group and
(A, ◦) is a group such that
a ◦ (b + c) + a = a ◦ b + a ◦ c (1.1)
for all a, b, c ∈ A.
A right brace is defined similarly, replacing condition (1.1) by
(a + b) ◦ c + c = a ◦ c + b ◦ c (1.2)
for all a, b, c ∈ A. If (A,+, ◦) is both a left and a right brace (for the
same operations), then A is called a two-sided brace.
For any left brace (A,+, ◦), we define the operation ∗ by
a ∗ b = a ◦ b− a− b (1.3)
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for all a, b ∈ A. It is straightforward to verify that the operation ∗ is
left distributive with respect to the operation +, i.e.,
a ∗ (b + c) = a ∗ b + a ∗ c. (1.4)
for all a, b, c ∈ A. On the contrary, the operation ∗ is not right dis-
tributive nor associative for a left brace in general. We refer readers to
[Ced18] for an introduction to the theory of left braces.
Throughout the paper, we write 0 as the additive identity of a left
brace A and −a as the additive inverse of a for any a ∈ A. Let a be
any element of a left brace A and n ≥ 0 be an integer. We write na as
a + a + · · ·+ a︸ ︷︷ ︸
n times
. Similarly, if m < 0 is a negative integer, we write ma
to represent −a− a− · · · − a︸ ︷︷ ︸
−m times
.
We now develop some algebraic manipulation identities for left braces.
We first review some commonly used identities. For the sake of com-
pleteness, we will give a proof sketch for each identity.
Proposition 2.1. Let (A,+, ◦) be a left brace. Then we have the
following identities.
i.) a ◦ 0 = 0 ◦ a = a;
ii.) a ◦ (−b) = 2a− a ◦ b;
iii.) a ◦ (b− c) = a ◦ b− a ◦ c + a.
Proof. For i.), substituting b = c = 0 in (1.1) shows us 0 is the right
identity (hence the identity) of the operation ◦. For ii.), we have a =
a◦0 = a◦(b+(−b)). Apply (1.1) and rearrange the terms gives us the
claim. For iii.), apply result from ii.) and (1.1) gives us the claim. 
In particular, we remark that 0 is the identity for both operations +
and ◦. Let A be a left brace. For any a ∈ A, we write a−1 as the
inverse of a under the operation ◦.
The following two lemmas can be seen as a generalization of (1.1).
Consequently, it allows us to do arithmetic on left brace conveniently.
Lemma 2.2. Let (A,+, ◦) be a left brace. Let n ≥ 1 be an integer.
For any a, b1, b2, . . . bn ∈ A, we have
a ◦ (b1 + b2 + · · ·+ bn) = a ◦ b1 + a ◦ b2 + · · ·+ a ◦ bn − (n− 1)a.
Proof. This is straightforward by mathematical induction on n where
the inductive step follows from (1.1). 
3Lemma 2.3. Let (A,+, ◦) be a left brace. Let m,n ≥ 1 be two integers.
For any a, b1, . . . , bm, c1, · · · , cn ∈ A, we have
a ◦ (b1 + · · ·+ bm − c1 − · · · − cn)
= a ◦ b1 + · · ·+ a ◦ bm − a ◦ c1 − · · · − a ◦ cn + (n−m + 1)a.
Proof. We first rewrite the term as
a ◦ ((b1 + · · ·+ bm)− (c1 + · · ·+ cn)).
The claim now follows from Proposition 2.1 and Lemma 2.2. 
3. Left braces with the operation ∗ being associative
In this section, we will prove Theorem 1.1. Our result depends on the
following two identities. We remark that these identities do not hold
in general.
Proposition 3.1 is shown in the last three lines of the proof for [CGS18,
Proposition 2.2]. Substituting (1.3) into Proposition 3.1, we immedi-
ately get Corollary 3.2, which is used in our proof for Theorem 1.1.
Proposition 3.1. Let (A,+, ◦) be a left brace such that the operation
∗ is associative. Then for all a, b ∈ A, we have
(−a) ∗ b = −(a ∗ b).
Corollary 3.2. Let (A,+, ◦) be a left brace such that the operation ∗
is associative. Then for all a, b ∈ A, we have
(−a) ◦ b = −(a ◦ b) + 2b.
We now show the proof of Theorem 1.1.
Proof of Theorem 1.1. Suppose the operation ∗ is associative. Then
for all a, b, c ∈ A, we have
(a ∗ b) ∗ c = a ∗ (b ∗ c).
Applying (1.4) twice and rearranging, we see that
(a ◦ b− a− b) ◦ c− a ◦ b = a ◦ (b ◦ c− b− c)− a− a− b ◦ c + c + c
This implies
a−1 ◦
(
(a ◦ b− a− b) ◦ c− a ◦ b
)
= a−1 ◦
(
a ◦ (b ◦ c− b− c)− a− a− b ◦ c + c + c
)
Applying Lemma 2.3, rearranging and substituting a−1 ◦a with 0 gives
us
a−1 ◦ (a ◦ b− a + (−b)) ◦ c = b ◦ c− c− a−1 ◦ b ◦ c + a−1 ◦ c + a−1 ◦ c
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Applying similar manipulations gives us(
b + a−1 ◦ (−b)) ◦ c + c = b ◦ c + (a−1 ◦ c + a−1 ◦ c− a−1 ◦ b ◦ c)
Using Lemma 2.3 to factorize the last term on RHS gives us(
b + a−1 ◦ (−b)) ◦ c + c = b ◦ c + a−1 ◦ (2c− b ◦ c)
Applying Corollary 3.2 and associativity of the operation ◦ gives us(
b + a−1 ◦ (−b)) ◦ c + c = b ◦ c + a−1 ◦ (−b) ◦ c
Since (A, ◦) is a group, for each d ∈ A, we can find the associated a ∈ A
such that d = a−1 ◦ (−b). Hence, we have for all b, c, d ∈ A,
(b + d) ◦ c + c = b ◦ c + d ◦ c.
We conclude that A is a two-sided brace.

We remark that this proof depends on the commutativity of (A,+). In
fact, it is shown in [KSV18] that the analog of Theorem 1.1 does not
hold in the context of skew left braces.
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